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1. INTRODUCTION
We study blow-up of positive solutions of the system
∂ui
∂t
= 1ui + upii+1; i = 1; : : : ; k; uk+1 x= u1; x ∈ N; 0 < t < T;
1:1
where pi > 1, i = 1; : : : ; k. For k = 1; 2, this system has been studied by
many authors.
In the case of a single equation, numerous results on blow-up can be
found for instance in the monographs [2, 25] and in the survey [16]. Omit-
ting the subscript 1, we write the equation as
ut = 1u+ up; x ∈ N; 0 < t < T: 1:2
In the classical paper [13] it was shown that if p < 1+ 2/N , then all positive
solutions of (1.2) blow up in finite time, while global positive solutions exist
if p > 1 + 2/N . It was shown later in [15, 20] that p = 1 + 2/N is in
the blow-up case. Here, blow-up is meant in the sense that there exists a
T ∈ 0;∞ such that
sup
x∈N
ux; t <∞ for t ∈ 0; T  and lim
t→T
sup
x∈N
ux; t = ∞:
To understand the behavior of u near blow-up, the first step usually con-
sists in deriving a bound for the blow-up rate. It was shown in [14] that if
N − 2p < N + 2 and u is a positive solution of (1.2), then there exists a
constant C > 0 such that
ux; t ≤ CT − t−1/p−1: 1:3
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On the other hand, an example of a positive solution of (1.2) which violates
(1.3) was constructed in [18] (cf. also [17]) for N ≥ 11 and p > p0, where
p0 = p0N is larger than N + 2/N − 2.
To discuss the case k = 2 we introduce the notation u x= u1, v x= u2,
p x= p1, and q x= p2. Hence, the system takes the form
ut = 1u+ vp; vt = 1v + uq; x ∈ N; 0 < t < T: 1:4
It was shown in [8] that if p; q > 0, pq > 1, then
(i) All positive solutions blow up in finite time if
max

p+ 1
pq− 1 ;
q+ 1
pq− 1

≥ N
2
: 1:5
(ii) Global positive solutions exist if
max

p+ 1
pq− 1 ;
q+ 1
pq− 1

<
N
2
:
The uniqueness of solutions of (1.4) if minp; q < 1 was studied in [9].
The results from [8] were later extended in several directions (see, for
example, [6, 10–12, 22, 24, 25] and for a survey cf. [7]). However, in all
generalizations and extensions except [24], the system consists of two com-
ponents. System (1.1) with k = 3 was studied in [24], and the global nonex-
istence result from [24], will be mentioned below.
A blow-up rate result for positive solutions of (1.4) can be found in [1].
It was established there that if pq > 1 and the inequality in (1.5) is strict,
then there exists C > 0 such that
ux; t≤CT − t−p+1/pq−1; vx; t≤CT − t−q+1/pq−1; 1:6
here T ∈ 0;∞ is the blow-up time. This result has recently been improved
in [4], where it is assumed that pq > 1 and (1.5) holds.
We remark that for system (1.4) on a ball, the rate (1.6) was proved in
[3] for certain positive radial time-increasing solutions and some p; q ≥ 1,
pq > 1. In [5] it was shown that (1.6) holds for positive time-increasing
solutions of system (1.4) on a bounded domain (with the Dirichlet boundary
condition) for all p; q ≥ 1, pq > 1.
Now we describe our results for the special case k = 3 (see Theorem 2.2
for the general case). We introduce the notation
u x= u1; v x= u2; w x= u3; p x= p1; q x= p2; r x= p3;
α x= pq+ p+ 1
pqr − 1 ; β x=
qr + q+ 1
pqr − 1 ; γ x=
rp+ r + 1
pqr − 1 :
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System (1.1) takes the form
ut =1u+ vp; vt =1v+wq; wt =1w+ur; x; t ∈N ×0; T :
1:7
We show that if
maxα;β; γ > N
2
1:8
and u; v;w is a positive solution of (1.7) which blows up in a finite time
T , then
ux; t ≤ CT − t−α; vx; t ≤ CT − t−β; wx; t ≤ CT − t−γ
1:9
for some constant C > 0. In fact, blow-up of all positive solutions of (1.7)
was shown in [24] for p; q; r > 0, pqr > 1, and
maxα;β; γ ≥ N
2
:
An analogous result for k > 3 does not seem to be available in the litera-
ture, but it is easy to see (cf. Lemma 2.1) that blowing up solutions exist if
pi > 1, i = 1; 2; : : : ; k.
In [4], the global nonexistence result (i) from [8] was a crucial ingredient
of the proof of (1.6). Our result corresponds precisely to the result of [1],
but our method of proof is entirely different. It is in the same spirit as the
method of [4] (cf. also [19]), with the important difference that we only use
the global nonexistence of solutions which are large in some suitable sense
instead of using the global nonexistence of all positive solutions.
It is obvious that (1.9) is optimal in the sense that there are solutions
that blow up precisely with the rate from (1.9). Namely, it is sufficient to
take spatially homogeneous solutions.
2. RESULTS AND PROOFS
We study solutions of (1.1) with the initial condition
ui·; 0 = gi ≥ 0; gi ∈ L∞N ∩ C2N; i = 1; : : : ; k: 2:1
First we show that solutions of (1.1), (2.1) blow up in finite time if initial
data are large in some suitable sense. We introduce the following notation
Fit x=
Z
N
uix; t8xdx; 8x x= pi−N/2e−x
2
;
p∗ x= min
i
pi; Y t x=
X
i
Fit;
SK x= x; t ∈ N ×  x x < K; −K < t ≤ 0:
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Lemma 2.1. Assume that Y 0 > m x= min(2Nkp∗1/p∗−1; k: Then
the solution blows up in finite time.
Proof. Multiplying (1.1) by 8, integrating by parts, and using the facts
that
18 ≥ −2N8;
Z
N
8xdx = 1
and Jensen’s inequality, we obtain
F ′i ≥ −2NFi + Fpii+1; i = 1; : : : ; k:
Adding these inequalities and using the fact that maxi Fi0 ≥ 1, we have
Y ′0 ≥ −2NY 0 +X
i
F
pi
i+10
≥ −2NY 0 + (max
i
Fi+10
p∗
≥ −2NY 0 +

1
k
Y 0
p∗
= ε0
(
Y 0p∗
for ε0 x= k−p∗ − 2NY 1−p∗0 > 0. Hence, Y is increasing at t = 0. Repeat-
ing the same estimates for t > 0, we obtain Y ′t ≥ ε0
(
Y tp∗ as long as
the solution exists. Therefore, Y cannot exist globally.
Theorem 2.2. Let α1; : : : ; αkT be the solution of0BBBBBBB@
1 −p1 0 0 : : : 0 0 0
0 1 −p2 0 : : : 0 0 0
:::
:::
0 0 0 0 : : : 0 1 −pk−1
−pk 0 0 0 : : : 0 0 1
1CCCCCCCA
0BBBBBBB@
α1
α2
:::
αk−1
αk
1CCCCCCCA
= −
0BBBBBBB@
1
1
:::
1
1
1CCCCCCCA
:
If maxα1; α2; : : : ; αk > N2 and u1; : : : ; uk is a solution of (1.1), (2.1)
which blows up in a finite time T , then there is C > 0 such that
uix; t ≤ CT − t−αi ; i = 1; : : : ; k; x; t ∈ N × 0; T : 2:2
Theorem 2.2 holds for any k ≥ 1. If k = 1 then α1 is defined by 1 −
p1α1 = −1. The following lemma will play a crucial role in the proof of
Theorem 2.2.
Lemma 2.3. Let f ∈ L∞S2,
ϕt − 1ϕ = f; ϕ ≥ 0 in S2:
Let A x= ϕ0; 0 ≥ 14 supS2 ϕ ≥ 1 and fL∞S2 ≤ cfA1+1/α, where α > N2 .
Choose ε ∈ (0; 1− N2α. Then there exists a constant c = cε; α; cf  > 0 such
that
R
x≤1 ϕx; 0dx ≥ cAε.
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Proof. Put ν x= N1−εα − 1. We may assume ε > 1− Nα , so that ν ∈ 0; 1.
Furthermore, put ϕox x= ϕx; 0,
Br x= x ∈ N x x ≤ r; B+r x= x ∈ Br x ∇ϕo0 · x ≥ 0;
and let ωN x= B1 be the N-dimensional Lebesgue measure of B1, so that
B+1  equals ωN/2 or ωN .
Interior parabolic regularity (see [23, Theorem 7.13]) and the trace the-
orem [21, Lemma II.3.4] imply ϕo ∈ W 2−2/p;pB1 and
ϕoW 2−2/p;pB1 ≤ cp
(fL∞S2 + ϕL∞S2 ≤ c˜pA1+1/α for any p > 1:
Now choosing p sufficiently large (p > N+21−ν ), we have W
2−2/p;pB1 ↪→
C1;νB1, so that
ϕoC1;νB1 ≤ cνA1+1/α:
This implies
∇ϕox · x ≥ ∇ϕo0 · x− cνA1+1/αx1+ν for any x ∈ B+1 :
Consequently,
ϕox = ϕo0 +
Z 1
0
∇ϕoθx · xdθ ≥ A− cνA1+1/αx1+ν
Z 1
0
θν dθ
> A− cνA1+1/αx1+ν ≥
A
2
;
provided x ∈ B+r , where
r x= min(1; c1A−1/α1+ν; c1 x= max(1; 2cν−1/1+ν:
Thus, Z
x∈B+1
ϕoxdx ≥
Z
x∈B+r
A
2
dx ≥ A
4
ωNr
N ≥ c2Aε;
where c2 x= 14ωNcN1 .
Proof of Theorem 2.2. Let
Mit x= sup
N×0;t
ui:
First we show that there is δ ∈ 0; 1 such that
δmax
j
M
1/αj
j t ≤ min
i
M
1/αi
i t; t ∈

T
2
; T

: 2:3
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We proceed by contradiction, as in [4, proof of (2.2)]. If (2.3) were false
then there would exist a sequence tn→ T and l;m ∈ 1; : : : ; k (indepen-
dent of n) such that
M
1/αm
m tn = max
j
M
1/αj
j tn; M1/αll tnM−1/αmm tn → 0:
Without loss of generality we may assume m = 1. For each tn choose
xˆn; tˆn ∈ N × 0; tn such that u1xˆn; tˆn ≥ 12M1tn: 2:4
Obviously, M1tn → ∞; hence, tˆn→ T . Choose A ≥ 1 and let
λn x= λtn x=

1
2A
M1tn
−1/2α1
: 2:5
Rescale the functions ui as
ϕ
λn
i y; s x= λ2αin uiλny + xˆn; λ2ns + tˆn; y; s ∈ N × InT ; 2:6
where Int x=
(−λ−2n tˆn; λ−2n t − tˆn. Then ϕλn1 ; : : : ; ϕλnk  is a solution of(
ϕi

s
= 1ϕi + ϕpii+1; i = 1; : : : ; k; 2:7
in N × InT  satisfying ϕλn1 0; 0 ≥ A and
0 ≤ ϕλni ≤ 2Aαi/α1; i = 1; : : : ; k
0 ≤ ϕλnl ≤ 2Aαl/α1MltnM−αl/α11 tn
)
in N × −λ−2n tˆn; 0:
It follows from [21] that there is µ ∈ 0; 1 such that for any K > 0, the se-
quence ϕλni is bounded in the C
µ;µ/2S¯2K-norm by a constant that does not
depend on n. The Schauder estimates imply now that the C2+µ;1+µ/2S¯K-
norm of ϕλni is uniformly bounded. Hence, we obtain a subsequence con-
verging to a solution of (2.7) in N × −∞; 0 such that ϕ10; 0 ≥ A and
ϕl ≡ 0, which is a contradiction. Consequently, (2.3) holds.
Without loss of generality we may now assume that
α1 >
N
2
:
Since M1 is continuous and nondecreasing and limt→T M1t = ∞, for any
t0 ∈ 0; T  we can define
t+0 x= t+t0 x= maxt ∈ t0; T  x M1t = 2M1t0:
Choose λ0 = λt0 as in (2.5). We show that
λ−2t0
(
t+0 − t0
 ≤ D; t0 ∈ T2 ; T

; 2:8
where D is a positive constant which does not depend on to.
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If (2.8) were false then there would exist a sequence tn→ T such that
λ−2n
(
t+n − tn
→∞;
where λn = λtn and t+n = t+tn. For each tn choose xˆn; tˆn as in (2.4)
and rescale u1; : : : ; uk around xˆn; tˆn as in (2.6). We obtain a solution
ϕλn1 ; : : : ; ϕλnk  of (2.7) in N × InT  such that ϕλn1 0; 0 ≥ A, and in N ×
Int+n  we have from (2.3) and the definition of t+n that
0 ≤ ϕλn1 ≤ λ2α1n M1t+n  = λ2α1n 2M1tn = 4A;
0 ≤ ϕλni ≤ λ2αin Mit+n 
≤ λ2αin δ−αi
(
M1t+n 
αi/α1 = 4Aαi/α1δ−αi ; i = 2; : : : ; k:
As before, interior regularity and uniform Schauder estimates yield a sub-
sequence converging in C2+µ;1+µ/2loc N ×  to a solution ϕ1; : : : ; ϕk of
(2.7) on N ×  such that ϕ10; 0 ≥ A and
0 ≤ ϕ1 ≤ 4A; 0 ≤ ϕi ≤ 4Aαi/α1δ−αi ; i = 2; : : : ; k:
It follows immediately from the definition of αi that
α2
α1
p1 = 1+
1
α1
:
We assume that α1 >
N
2 , therefore we can apply Lemma 2.3 to ϕ1, and we
have a contradiction to Lemma 2.1 if A is chosen sufficiently large. This
proves (2.8).
Next we use an idea from [19]. From (2.5) and (2.8) it follows that
t+0 − t0 ≤ D2A1/α1M1t0−1/α1 for any t0 ∈

T
2
; T

:
Fix t0 ∈
(
T
2 ; T

and denote t1 = t+0 , t2 = t+1 , t3 = t+2 , : : : . Then
tj+1 − tj ≤ D2A1/α1M1tj−1/α1;
M1tj+1 = 2M1tj;
j = 0; 1; 2; : : :. Consequently,
T − t0 =
∞X
j=0
tj+1 − tj ≤ D2A1/α1
∞X
j=0
M1tj−1/α1
= D2A1/α1M1t0−1/α1
∞X
j=0
2−j/α1;
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hence
ux; t0 ≤M1t0 ≤ CT − t0−α1;
where
C = 2A

D
∞X
j=0
2−j/α1
α1
:
Now (2.3) implies the conclusion.
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